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Abstract 

We review our recent formulation (with A. Delcroix, S. Pilipovic and V. Val- 
morin) of Colombeau type algebras as Hausdorff sequence spaces with ultra- 
norms, defined by sequences of exponential weights. We extend previous re- 
sults and give several new perspectives related to echelon type spaces, possible 
generalisations, asymptotic algebras, concepts of association, and applications 
thereof. 

Keywords: Generalized function; topological algebra; sequence space. MSG: 
46P30; 46A45; 46H05. 



1 Introduction 

Colombeau's New Generalized Functions [l] are today the most widely used asso- 
ciative differential algebras containing the (S-distribution. Their topology is studied 
since the late 1990s [3j, and investigation in topological duals of such spaces is now 
emerging as important topic of research in this field. 

We define such algebras right from the start as spaces with ultranorms [U |4], 
which is natural and especially useful for practical use of the topology, with no need 
for valuations. Our construction allows for algebras containing ultradistributions and 
periodic hyperfunctions Without specializing to a concrete space, we deduce gen- 
eral results about completeness, embedding of duals and functoriality, and generaHze 
known concepts of association, revealing aspects of the underlying structure rather 
hidden in other approaches. Our approach also shows better the close link with the 
classical theory of sequence spaces. 



2 The basic construction 

Consider a sequence r — {rn)j^ G decreasing to zero. For a seminorm p on an 

R- or C-vector space E, this defines a map ||| • 1^ ^ : E^^ IR+ = [0, oo], 

/ = (/»)„ ^ III / III - III / lip,. = limsup(p(/„))''" . 

n—*oo 

Lemma 2.1 (a) If < liminf p{fn) < limsupp(/n) < oo^ then ||| / ||| = 1. 

(b) For allf,geE'\\eC*:\lf + g ||| < max(||| / |||, ||| g |||) and ||| A/ ||| = ||| / |||. 

(c) If E is a topological algebra, then ||| / • 5 ||| < ||| / ||| ■ ||| g |||. 

Proof. As Umr„ = 0, we have lim/c''" = 1 for any A: > 0, thus (a). Writing p(A/„) < 
|A| p{fn) and p(/„-t-.9„) < 2 max(p(/„),p(g„)), we have (b), and using 3C > Vx, y € 
E : p{xy) < C p{x) p{y) , we get (c) in the same way. □ 



Definition 2.2 The r generalized semi-normed space {E,p) is the factor space 
Qr{E,p) ~ J^r{E,p) I ICr{E,p), whcrc 

Tr{E,p) = {feE^\ III / lip ^ < 00} , lCAE,p) = {/ e E^ I III / lip ^ = 0} . 

Proposition 2.3 The map ||| • |||p^ defines a pseudometric dp^r on J-r{E,p), making 
it a topological ring, if E is a topological algebra. As ICr{E,p) is the intersection of 
neighborhoods of zero, Qr{E,p) is then the associated Hausdorff topological ring, on 
which dp,r is well-defined and an ultrametric. 

Proof. This is a direct consequence of the Definition and preceding Lemma. □ 

Example 2.4 For E = C and p — \ ■ \, we obtain the ring of r generalized 
complex numbers, C,- ~ Gri'C, \ ■ |). For rn = j^i^ {n > 1), this are Colombeau's 

generalized numbers C, since Hmsup|a;„|i/'°e" < 00 3j eR: \xn\ = o(nT), 

anrf lim |a;„|i/'°e" = ^ V7 G R : |a;„| = 0(71-^). 

The choice r„ = rt^^/™ (with m > 0), leads to ultracomplex numbers C^' . 

Proposition 2.5 The spaces Qr{E,p) (resp. J-r(E,p)) are topological algebras over 
the generalized numbers (resp. over Jv(K, | • |)^ equipped with ||| ■ \-topology, but they 
aren't topological vector spaces over the field K = M or C. 

Proof. This is seen by observing that Lemma [2?T] -(c) also holds for / e C^, while 
Lemma [2m - (b) implies that ||| A / ||| does not go to zero when A ^ 0. □ 

Example 2.6 To obtain r generalized Sobolev algebras Gw='^{n) = 
griW'°°{n),Ps,oo), we choose E = W''°°{n) with norm Ps^oo = E ll<9" ' 
This generalizes to any normed algebra. \a\<s 

Theorem 2.7 ((equivalent scales)) If r = (rn)^, s — {sn)^ decrease to zero 
such that s = 0(r), then J-.r{E,p) C J-s{E,p), ICs{E,p) C Kr{E,p). In par- 
ticular, if }^^7^ = C e then ||| / 1^ ^ = (||| / 1^,,)'^, and thus Ts{E,p) = 

lc7{E,p) = lCr{E,p) and GsiE^p) = GriE^p). 

Proof. If s„ = c„ r„ with lim sup c„ — C E M^, we have log ||| / 1|| = 
limsup(s„logp(/„)) = limsup(c„r„logp(/„)) < C limsup(r„ logp(/„)) = 
Clog III / lip ^, where we assumed limlogp(/„) > 0, i.e. ||| / ||| > 1. Otherwise, < must 
be replaced by >, leading to the inverse inclusion for IC. □ 

Remark 2.8 ((relation to Maddox' sequence spaces) ) Our spaces 
/Cr.(C, |-|) and J-riC, |-|) are the same as co(r) ~ ClkeN ^ '^'^ I l^l^^nl k^^^" = O} 
and tooir) = IJ^i^gpf { x G | sup |a;„| fc""'^/''" < 00 }, introduced m |3 and 
studied extensively by Maddox and his students J3i Q^- To see this, observe that 
3k £ N : sup |a;„| fc^-'-/''" < 00 <J=> 3k : limsup |a;„|''" < k |||2^|||r < 00, and 

Vfc : lim|2;„|/fci/'-" =0 ^ Ve > : |a;„| = o(ei/''") 4=» III a; |t = 0. 

These spaces belong to the classes of echelon resp. co-echelon spaces. As we al- 
ways require limr„ = 0, both are Montel and Schwartz spaces. While the cited work 
on sequence spaces is restricted to (C, |-|), our studies concern more general spaces. 
However, most of the spaces considered in the sequel can be written as intersection 
and/or union of echelon and co-echelon type spaces. This also allows the general- 
ization of the present construction to any abstract topological module E, as will be 
discussed in a forthcoming publication. 
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3 Generalized locally convex spaces 

Definition 3.1 The r extension of a locally convex space {E,V) is the factor 

spacegr{E,V)^Tr{E,r)IJCr{E,V)^ ME,p) / ^r{E,p). 

p£V pev 

Theorem 3.2 // {E,P) is a topological algebra, i.e. e V 3p e V 3C > OVx,y G 
E : p{xy) < Cp{x)p{y), then Tr{E,V) is a suhalgehra of E^ , ICr{E,V) is an ideal 
of J^r(,E,V), and {dp^r)pf=-p is a family of pseudo- distances on Qr{E,V) making it a 
Haus doff topological algebra over C^. 

Proof. Lemma [SHI- (b) yields for f,g E J-r, A £ C, and p £ P : ||| A/ + 5 |||p < 
max(||| / lip, III g |||p), thus J> and K-r are C-Hnear subspaces. Continuity of multiplica- 
tion in {E,V) gives as in[0(c), ^peV, BpeV: f f g |||p < ||| / 1^ • ||| g |||p. Thus Tr 
is a C-subalgebra of E^, and ICr an ideal of Tr- The inequalities also imply conti- 
nuity of addition and multipHcation, thus J> is a topological J^|.|_r^algebra, and Q-p 
is again the associated Hausdorff space. □ 

Example 3.3 The classical simplified Colombeau algebra is obtained for 
rn = ^ andV^{pi:f^ sup \f(^){x)\] ^^^^^ on E ^ C^iU). 

q|<z^,|x|<m 

As a last generahzation of the base space, consider a family of semi-normed 
algebras {.E^.p'i)^^^^^ with embeddings M^i.v £ : Ei^+^ E^^, Ej^ ^ E^^^^ 
resp. E^,-^ ^ E^. Let E = proj lim ind lim i?^ , resp. E — proj lim proj lim , and 

^ — ^CJO V — >oo — *oo V — *oo 

assume that for all /i £ N the inductive limit is regular, i.e. a subset is bounded iff 
it is a bounded subset of {Ej^)^ for some e N. Now let 

:Fr(E) = { / e I V/i e N, e N : / e {Ej^f a ||| / 1^. < 00} , 

Tr{E) = {/ e i?^ I V//, 1/ G N : i/ipM < 00}, and the obvious definition for 

lCr{E ), where we write^ for both, ~^ and ^ . Then again, Qr{E ) = Tr{E) / Kr{E ) 
is a topological algebra for the respective limit topology. 

Example 3.4 In 16] we showed how to embed Gevery class ultradistributions in 
Colombeau algebras ^(p!'" = G^^, {E^'^'i), gip'-'" ■p'-"'' } = 5^™'(£:^™>), where C = 
n~ and a^g the proj-proj resp. proj-ind limit type spaces of Beurling 

resp. Roumieu ultradifferentiable functions, defined trough spaces on which p™''^{f) = 

sup —^\f'-"Hx)\ resp. g™-'" = p"/^ are finite. 

|2:|<M,QeN= Q^' 

Definition 3.5 Consider the spaces Ox of holomorphic functions on fl\ = 
{zGC|j<|z|<A} with finite norm = IMIl°°(0;^)- Analytic functions on the 

unit circle are then A{T) = indlimOA- Let E = indlim(^i(T), g'^), where 

^i(T) =indlimindlim|/G^(T) I ||/(")||^^m = OK a!")}. 

Then, r generalized hyperf unctions on T are defined as Gn.ri^) — Gr{E), quo- 
tient space of Tr(E) = U Tr{Ai{T),q^) by Kris) = IJ /C^(A(T), g^). 

A>0 A>0 

The same type of ultranorm can be used to characterize generalized functions / 
on the unit circle by means of their Fourier coefficients {fk)k £ ^ for which we 
define \\{fk)u^At = max {||| (/fe)^^^, ||||.|^^ , ||| (/-fc)fceN 

Fourier coefficients of analytic functions / G A(T), Schwartz distributions 
T G £'{T) and hyperfunctions H G B{T) are characterized by ||| (/fc)^ |||(.)-i < 1, 

III (^^fe)fe III V log < resp. Ill {Hk)^ llyi < 1. 
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Proposition 3.6 ((Fourier characterization)) The same spaces J- r{E), Kr{E) 

are obtained in the previous definition if is replaced hyq^:f^ supAl'^l|/fc|. 

feez 

Proof. If / e Tr(E), Ill/Ill^;, ^ < oo, there is C > such that q^if„Y^ < C for 
all n. Cauchy's inequalities in fix then give |/n(fc)| < 'Z'^(/n)'^ ) thus \ fnik)\^'^ < 
CA-I'^I'-" for all k £ Z, whence ||| / |||^. < oo. Conversely, if / G i?^, ||| / |||^,_^ < oo, 

we have g^(/„)'"" < C for some C > and all n, i.e. |/„(fc)| < C^/'"" A"!'"! for all 
k eZ. Consequently, there is M > such that q^{fn) < M C^/''" , thus ||| / |||^a ^ < oo. 
The proof for K. goes the same way. □ 
Convolution with mollifiers </)„ = J2\k\<i/r '^^ allows to embed hyperfunctions 
B(T) into fo,r(Tr), preserving the usual product of -4i(T) [6]. 

Proposition 3.7 ((Completeness)) Without assuming completeness of E, 
J-r{E) is complete, and J-r{E) is sequentially complete. 

Proof. If (Z™)™ is a Cauchy sequence in Tr{E), there are increasing sequences 
(m^), (rifj^) e such that V/x £ N, Vfc,£ > m^, limsupp^ (/^ - f^Y" < ^ and 

more precisely V/c,^ £ [m^,m^+i] Vn > [f'^ - f^Y" < ^. Let fl{n) = 

sup { A* I < n }, and consider the sequence / — )„■ Then we have J™ f 

in Tr{E). Indeed, for e and given, take ^ > ^o, ^ such that ^ < \e. As is 
increasing in both indices, we have for m £ [m^+s, m^+s+i]'- 

For n > n^+s, one has n > np(„), thus p^°if^ - /„)''" < Em'=m+s ^ < < ^• 

As Tr{E) is a metrisable space, this imphes completeness. 

For Cauchy nets in ^^^(i?), we use that for all ^ there is vlp) such that p(^(^) < 

and (/™ — /n)'^" < ^A" where (e^t)^ decreases to zero. With this, we can prove 

the sequential completeness oi Tr{E) by the same arguments as above. □ 

Remark 3.8 ((discreteness of induced topology)) In Jd^ we have shown that 

a net ((5ri)„ £ E^^ such that Vi/j £ E , lim„^oo J^s Sn ■ tp = ^(0), cannot be bounded 

in E , under very weak assumptions. From this we deduce that the topology of any 

< — > < — > 
algebra containing 5 and E must induce the discrete topology on E . 



4 Families of scales and asymptotic algebras 

We now generalize the growth conditions. Consider a family r = (t"™)™ of sequences 
(^rDn decreasing to zero as n ^ oo. Suppose that either 

(I) Vm e N : r™ = 0(r™+i), or (II) Vm G N : r™+i = 0(r"). 

< — > < — > < — > < — > 
Theorem 4.1 Define Tr{E ) = HmeN ), ICr{E ) = UmeN ^i-" (-^ ) ''^ '^^^^ 

(I), resp. Tr(E) = y}„,^,^Tr^(E), JCr(E) = (^,^^^lCr^(E) in case (II). Then 

again, Qr{E)=Tr{E)/Kr{E) is an algebra. 

Proof. Using ICr'^{E) ■ ^^"^{E) C lCr^{E) and Theorem 12.71 it is easy to verify 
that in both cases, Tr{E) is a subalgebra and ICr{E ) is an ideal thereof. □ 

Example 4.2 For r^^ = 1 ifn<m,0 elsewhere, we get Egorov-type algebras. 
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Definition 4.3 Let a — {a„i : N be an asymptotic scale, i.e. Vrn G Z, 

Om+i = o{am), — ^ / dm and 3M G Z : om ~ o{a^). The asymptotic algebra 

defined by a and a locally convex algebra {E, V) is the factor space A(a) {E, V) = 

{ / e g'^ I 3m e Z Vp e 7^ : p(/) ^ O(a^) } 
{/ 6 I Vm e Z e P : = o(a™) } ' 

Example 4.4 ('i^ a,„(n) = n^'" learfs to Colombeau type generalized algebras, 
(a) am = 1/ cxp™ (m-fold iterated exp function) gives exponential algebras f^. 

Theorem 4.5 For r™ = |loga™(n)p\ we /iat;e GriE^V) = A(^^){E,'P). 

Proof. If p(/n) < Cam("-) = C e^/^ (for > 1), then limsup(po /)'" < oo 
and / e TriE,V). Conversely, if Hmsup(p o log"*! < c then p o / < {arnf°'^^ , 
{am, C > 1). Using the third property of scales, 3M : po f = o{aM)- 
Now consider Vto : p o f = o(am). Take to e N. Then, for any g G N, there is to 
such that = o{am'') and po f ~ o{am) ~ o{am'^) = o((e^-^/'''")') = o((e^'?)^/'''"). 
Therefore limsup(po/)'' < e^^, and as q was arbitrary, we have ||| / |||p — 0, thus 

/e/C,(S,P). 

Finally assume Vm : limsupp(/„)'''" = 0, ie. VC > : (p o loga-.! = o(C), thus 
= 0(cli°g'^*l = 0(a^|i°8^l). Now for any to, let m = to + 1 and C = 1/e. 
Then p(/) = 0{am) — o(a„i), as required. □ 
A second kind of "asymptotic" algebras is of the form 

,(a).p ^^ ^ {/g£;^|Va<0 VpGT^: = oK) } 

^'^ {/ei?N|3r7>0 VpeP: p(/) = o(a,)}' 

where a = ('2(T)crgR is a scale {i.e. Vct > ao- = o(ap), etc.), indexed by a real 
number. As the subalgebra is here given as intersection and the ideal as union of 
sets, this case is not covered by the previous one. 

Proposition 4.6 For r" = we have A'^'^\E,V) = T'^{P) / 1C'^{V) , with 

TliV) - P) = { / e I Vto e N Vp e : III / |||p_,„ < 1 } and 

/C;(P) ^ 1C'^{E,V) = [f e E^ \ 3m en'ip : \\ f |||p_,,„ < 1 } . 

Example 4.7 aa-{n) = e""'^ gives algebras with infra-exponential growth 13], of 
particular interest for embeddings of periodic hyperf unctions . 



5 Functorial properties 

A map If : E ^ F obviously extends canonically to Gr{'p) ■ Qr{E) Qr{F) if for 
all / G J-r{E ) and k e Kr{E ), we have 

(Fi): f{f) = {f{f^))^eTr(F) , and (F^) : ^(/ + fc) - ^(/) e /C,(F^) . 



Definition 5.1 The r extension of a map ip : E F satisfying the above 
conditions (Fi), (F2), is defined as the map Gr{v) ■ Qr{E) Qr{F) such that 
[/] ^ ^{f) + l^r{F ), where f is any representative of [/] = / + Kr{E ). 

Example 5.2 Linear mappings </? of locally convex vector spaces {E,P) (F, Q) 
are continuous iff \fq € Q 3p E P 3c > Vx e F : q{ip{x)) < cp{x) . 
Then, V/ G E^ : ||| (p{f) |||^ ^ < ||| / |||p whence (Fi) and (F2), using linearity. 

We consider again a sequence of scales (r™) such that r'"+^ < r™. Let us denote 
= jr,,„ (K^ J . I) and /C+. = /C,.™ | ■ |). ( > ) 



M.Hasler: Generalized... ultranorms -5- (compiled February 1, 2008) 



Definition 5.3 In case r™+^ < r™, an increasing map g : M+ IR+ is called 
1 — moderate iff ym G N 3M e N : g{T^m) C T^m, and r compatible iff it is 
continuous at and VM G N 3m G N : h{JC^m ) C A^\/ . 

In case r™"''^ > r™, i/ie definitions hold with Vm 3Af ^ VA/ 3to exchanged. 
These notions allow to characterize maps that extend canonically to Qr'- 

Definition 5.4 A map : {E,V) {F, Q) is continuously r-temperate iff : (a) 

there is an r-moderate function g such that 

yq€Q 3p€V ^feE: q{ip{f)) < g{p{f)), 
and (b) there is an r-moderate function g and an r-compatible function h 

such that VqeQ 3peP yf,keE: q{<p{f + k) - ^(/)) < g{p{f )) h{p{k)). 

Theorem 5.5 Any continuously r-temperate map ip extends canonically to Grip) ■ 
Qr{E,V) — > Qr{.F, Q) , and this canonical extension is continuous for the topologies 
induced by (||| • |||p^r'")pg'P,meN ^^sp. (||| • |||q^r")9eQ, mew- 
Proof. Condition (a) of Definition [53] implies (Fi), and (b) gives (^2)- We omit the 
straightforward calculations, a bit lengthy in view of the four cases to be treated [1]. 
Continuity of Qri'-p) is obtained in the same way as (-F2), replacing p{f) E by 
III / |||p_,„ < K, and p(fc) G /C+, by ||| k <e. ' D 



6 Association in r-generalized algebras 

In several situations, e.g. when solving PDE, strong equality is impossible to obtain 
or not needed, and approximation expressed by association is sufficient. 

Definition 6.1 Generalized numbers [x], [y] G are associated iff x — y is a null 

sequence, [x] ~ [y] <;==> x — yEN— {xE C'* | lim x — . For s G M, they are 

s-associated, [x] « [y], iff x - y E iV^'*) = { a; G C'* | x„ = o(e"'*/'"") }. 

Remark 6.2 (i) The definition is well-posed since ICr{C, \-\) C N . 
(a) We have iV'*^ — e~* iV, where e,- = (e~)„ represents a positive unit of Cr- 
(Hi) All elements of the open unit ball are associated to zero, |||a;||||.|^ < 1 
X E N , and x E N =^ III 2; ||||.| ^ < 1, but -!- 00 also verifies ||| ^ ||||.| „ = 1. 

Definition 6.3 If J is an additive subset of !Fr{E ) containing ICr{E ), two elements 
F,Ge Qr(E) are J associated, F^G, iff F -G E J/JCr(E). 

Proposition 6.4 If J is absolutely convex, the relation w is stable under multipli- 
cation with elements of the closed unit ball. ^ 

Clearly, ~ is compatible with derivation iff J is stable under differentiation. 

Definition 6.5 We call F,G E Gr{E,V) strongly associated, F G, iff\/p E 
V : dp^r{F, G) < 1. For any s E M, strong s association is defined as 

F ~ G ^ Vp G -P : dp,r{F,G) < e"" ^ G 

where J^''> ^ {f E E^" \ yp E P : f f |||p,, < e-'} b'^J^I 

Remark 6.6 If F c::^ G for all s > 0, then F — G, because C\s>0'^^'^'' ~ "5, (^,7') • 

In order to define weak association, notice that a continuous bilinear form 
(•, ■) : £^ X D ^ C canonically extends to gr(E) x D ^ Cr (cf. Example [Q)) . This 
allows to define, for any convex subset M of jr,.(C, | • |) containing Oc,. , subspaces J' 
of the form Jm = {f e'e^^ l^ip E D : (/, V) e A/}. 
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Definition 6.7 For M = iV^'*) resp. M — B _J , association with respect to Jm is 
called weak (s, D' )- resp. strong weak (s, D) association and is written F w G 
W e D : (F - G, V^) « O;, resp. F Vijj e D : \ {F - G» |^ < e-"). 

If s = 0, it is omitted from notation. 

Example 6.8 In Colomheau's case, [/], [g] are weakly {s,T>')-associated iffri^ifn — 
g-n) ^ in 'D'{fl). For ultradistrihutions and for periodic hyperf unctions, with D = 
^ £) = pi™} resp. D = ^(T), this is a new construction. 

Proposition 6.9 Strong-weak {s, D) -association implies {s, D')-association, which 
conversely implies strong-weak {s' , D) -association only for all s' < s. 

Proof. This follows from ||| x |||^ < =^ x £ iV'^^ =^ ||| x |||^ < e"" for s' < s, 
while a counter-example for s' = s can be built as in Remark [Ql □ 
In a forthcoming paper, we explain in detail how these concepts of association 
are useful in the context of regularity theory and microlocal analysis. 
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